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Problem Definition

Problem Definition and Important Measures

@ Saddle Point Problem:

L(x,y) = min max f(x) +o(x,y) —g(y)- (1)

e Convergence Criterion Z = (X, ¥) :

Gap(z) = max {Q(z,2) := L(X,y) — L(x,7)}-

zeXxXY

Q(Z, z) is the Primal-Dual gap function.
Z

"]
e Z is an e-approximate solution if Gap(z) < e.
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Problem Definition

Assumptions

é(-,y) is Li-smooth, ¢(x,-) is Ly,-smooth and ¢ is L,,-smooth, if the
followings hold for all x,x" € X, y,y’ € Y respectively:

[Vxp(X',y) — Vip(x, ¥)|| < Ll = x]|,
IVyo(x,y") = Vyo(x, y)| < Ly lly' = vl
[Vyo (X', y) = Vyo(x,y)|| < Ly |Ix" = x]|.
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Motivation of Study

In many problems, the following function is a nonsmooth function which is
hard to optimize.

P(x): f(x)+ K/nea;( o(x,y). (2)

@ One way to smoothen this function is to use Nesterov's smoothing
technique. This technique involves subtracting a strongly convex
regularizing function, resulting in a convex-strongly-concave SPP.

@ We assume that f(x) is an easy function to evaluate. This might not
be true in many cases. Hence, linearization of f might be a good
approach to handle this problem.

@ A popular approach is using a linearized primal-dual method (LPD).
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Motivation of Study

Coupling | Linearizing f Gradient Complexity
wur >0 g >0
[Chambolle and Pock(2011)] | bilinear No O(ﬁ) NA
[Chambolle and Pock(2016)] | bilinear Yes O(ﬁ) NA
[Hamedani and Aybat(2021)] | semi-linear No o() NA
LPD (Algorithm 1) bilinear Yes o(J) o(k + L)
ili LetLy Ly
ALPD (Algorithm 2) semi-linear Yes NA O(\/ t )
L+l Ly "
general (9(\/%_‘_\/%?4_%)
. Le+Lyy
Inexact ALPD (Algorithm 3) general Yes NA For VF,Vy¢: O(\/ <)

For V1 O(¥s log(1))

Table: Comparison of our work. Gradient complexity is for obtaining an € error in

gap function.
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Motivation of Study

Linearized Primal-Dual method

Algorithm Linearized PD (LPD) method

1: Initialize s, = x3 € X, 1 €Y
2. fort=1,...,K do
2
3yl ¢ arg mm( —Ake,y) + 8(y) + o 1ly =yl
4: Xey1 — arg n1€|)r2<Vf(xt)+ATyt+1,x>+ Tm”X—XtHZ
X
5: Rep1 = Xep1 + O0e(Xeq1 — Xt)
6: end for S .
7: return X — =1 Vt+1Xe41 = — t=1 Vt+1Yt+1
K+1 25:1 et » YK+1 25:1 e
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Motivation of Study

Convergence analysis of LPD

Theorem

For a ug-strongly-convex-concave bilinear SPP, LPD has the optimal

Le+| A2
convergence rate of O(M) and for a jig-strongly-concave-convex

bilinear SPP, it has convergence rate of (’)( + ”A” ) where f is
L¢-smooth.

@ Observation: Strong concavity can not handle the errors caused by
the linearization of f.
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Accelerated LPD (ALPD)

Algorithm Accelerated Linearized PD (ALPD) method

1: Initialize s = xo=x1 € X, i=w=yn €Y

2. fort=1,...,K do

3 x4 (1= B D%+ By 'xe

4 Ve = (L4 0:)Vyod(xe, vt) — 0:Vyd(xe— 1,yt 1)
5 Y1 < arg min( —ve + Vg(ye),y) + o lly — vt

6 mwargmmm( )+ Vieb(xe, ver1) x) + 2 llx — x|

7. Xey1 = (1 — Bt )Xt + Bt Xt+1
8 Jer1= (1= 87+ B e
9: end for

10: return X1, YK+1

I
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Accelerated LPD (ALPD)

Convergence rates of ALPD for semi-linear and nonlinear
coupling

Theorem
o Case 1: Semi-linear ¢ with Ly, = 0:

Lf“l"-yy L>2<y
max {Q(aa)} = (ke + )

@ Case 2: nonlinear ¢ with Ly > 0:

%)

max {Q(2k+1)} = 0% K

zeX

@ ALPD is not optimal at full nonlinearity.
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Inexact ALPD

Algorithm Inexact ALPD Method

1: Initialize sy =xo=x1 € X, i=w=n€Y
2: fort=1,...,K do

30 x4 (1= Brh)Re + B Ixe

4: ve < (14 0:)Vyd(xt, yt) — etvy¢(xt711:yt71)

5. yer1 —argmin(—ve + Ve(y),y) + 5 lly - yel?

6: Xt4+1 is a dr-approximate solution of the problem:
min(V(xe),x) + @0, ye1) + 2z llx = xel?

7 R (1= BT DR+ B e

8 Fer1 ¢ (L= B, )7t + By tyent

9: end for

10: return Xki1, Yk+1
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Complexity analysis of inexact ALPD

Theorem

Inexact ALPD requires O( LEL”) gradient evaluation of Vf and V¢,
and requires O(‘é% log(2)) = (5(*5/31‘/?) gradient evaluation of Vx¢.

Hence, the gradient complexity of V¢ improves significantly (c.f. O( LTXX)
gradient complexity in ALPD).
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Numerical Experiment: ALPD vs. LPD

The £4-norm penalty problem with linear constraints is

in f Ax — blq = mi f Ax — b
min £(x) + pl[Ax — bllq min, max, (x) + ply, Ax — b),

Smooth approximation of the nonsmooth penalty term using Nesterov's
smoothing technique:

i f Ax — b) — L& |ly|]?
min IIW;?)S(l{ (x) + p{y, Ax — b) — Fl¥|°}, (3)
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Numerical Experiment: ALPD vs. LPD
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Numerical Experiment: ALPD vs. Inexact ALPD

o Consider a penalty problem with non-linear constraints.

@ The corresponding coupling function in SPP becomes nonlinear
(Lyx > 0)
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Numerical Experiment: ALPD vs. Inexact ALPD
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Figure: Comparison of the ALPD and inexact ALPD method and their prox-g
variants using the Gap function vs run-time (seconds) plot for 10 i.i.d. instances.
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Conclusion

Investigate the SPPs without strong convexity assumptions in primal
function.

Obtaining optimal convergence rate for semi-linear coupling functions.

Designing simple and easy-to-implement algorithms for general SPPs.

Improving computational complexity for non-linear coupling functions.
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Conclusion

References

[§ Antonin Chambolle and Thomas Pock.
A first-order primal-dual algorithm for convex problems with
applications to imaging.
Journal of mathematical imaging and vision, 40(1):120-145, 2011.

[3] Antonin Chambolle and Thomas Pock.
On the ergodic convergence rates of a first-order primal—-dual
algorithm.
Mathematical Programming, 159(1):253-287, 2016.

[4 Erfan Yazdandoost Hamedani and Necdet Serhat Aybat.
A primal-dual algorithm with line search for general convex-concave
saddle point problems.
SIAM Journal on Optimization, 31(2):1299-1329, 2021.

18/19



Conclusion

@ Thank you!

@ Questions?
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