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LIntroduction
L Problem Definition

Function constrained VI problem

Find x* € X1 (F(x*),x —x*) >0, VxeX, (1)
L] )N(::Xﬂ{x:gj(x)gO,jzl,...,m}
m X is convex compact set with easy projection operator

m F is monotone operator, i.e.,

<F(X1)—F(X2),X1—X2,> >0, Vxi,x e X

gj.J = 1,..., m are continuous convex functions

m The main challenge: feasible set X does not have an easy
projection oracle (due to presence of function constraints)
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LIntroduction
L Problem Definition

Assumptions: Lipschitz Continuity and Smoothness

We consider composite problems satisfying for all x1,x € X:

=
(F(x1) — F(x2),x1 — x2,) < L||x1 — x2|| + H,

g(x1)—g0x)—(Ve(x). x—x,) < % lx—x|?+Hglx —xll,
lg(x1) — g(x)| < Mgllx1 — xaf|.
m Smooth problems when H = H; =0

m Nonsmooth problem when either H or H, is nonzero.
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L Problem Definition

Assumptions: Stochastic and Fully-Stochastic Settings

m Stochastic setting when operator F is stochastic
F(x) =E[S(x, 8] [IS(x.§) = F(x)[?* < o?

m Fully stochastic setting when both operator F and function
constraints g are stochastic

Efg(x,&)] = g(x),
E[&(x,)] = Vg(x),
E[|6(x,€) — Ve(x)|I°] < 0§,
E[(a(x,€) — g(x))*] < o7.
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L Problem Definition

Solution criterion

We say that X is an e-solution of (1) if

max (F(x),x —x) <€ |[[g(X)]+] <e
xeX

Similarly, for the stochastic case, X is an e-solution of (1) if the
above bounds hold under expectation, i.e.,

E[Tea)z(dF(X),?— x) <e  Elllg()]+l <e
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LMotivation and Related works

Motivation

m Consider FCVI problem as a KKT system where x € X is the
primal variable and A;(> 0) denotes the dual multipliers
associated with constraints. B N

m This systems is a VI for operator F(x, \) where F is jointly
monotone in (x, A) over the feasible set X x {\ > 0}.

m The current methods converge for Lipschitz continuous
operators which can be violated even for smooth FCVIs since
the dual set {\ > 0} is unbounded.

m Second challenge is the gradient w.r.t. x is not computable
since x* is involved in the formulation.

m Adaptive Operator Extrapolation (AdOpEx) method that
converges for smooth deterministic FCVls.

m In the stochastic case, the noise in g is magnified by possibly
unconstrained A which can lead to noise level that is difficult

to bound apriori leading to propose better methods.
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LMotivation and Related works

Literature Review

VI is a classical topic with various works showing algorithms
that converge asymptotically.

Nemirovski showed a Mirror Prox method that converges to
e-solution in O(1) iterations.

This rate significantly improved over convergence rate of
O(}z) of standard projected gradient method.

Malitsky proposed an adoptive and optimal method.

Kotsalis et al. proposed a Operator Extrapolation method
that maintains a single sequence and requires a single
projection in every iteration.
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Reflections on the State of the Art

m Without exception, all of these methods require projection
onto the feasible set.

m If a function constraint g(x) < 0 is involved, projection may
not be evaluated efficiently.

m If g is data driven function then it may not be possible to
evaluate a projection.
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LThe Main Algorithmic Approaches
LAdaptive Operator Extrapolation (AdOpEx) method

Adaptive Operator Extrapolation (AdOpEx) method

Algorithm AdOpEx method

1: Input: x° € X,\% = 0.

2: Set x~1 = x0,

3 fort=1,..., T —1do

4; Lo (14 0)g(xt) — Og(xt1)

5: AL argminyso(—st, ) + Z A = AT|J?

6 ut — (14 0)[F(xY) + Ve(x)A] — O[F(xt1) +
Y7g(xf71)kt71]

7: xt— argmin, oy (uf, x) + Zx — xt||?

8: end for

9: Output: x7 —(Zt 0 7Xt+1)/(2t 0 'Yf)
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L The Main Algorithmic Approaches

LAdaptive Operator Extrapolation (AdOpEx) method

AdOpEx Method's Convergence

Theorem

2
Let’yt:% fOftZO, 91»:%, Tt:ﬁnt and

Nt = 6(L + Lg maxje[y |AT]]). Then, we have,
I < B i= 2L Ix® — x| + (V2 + 1)\, Ve > 0,

and obtain an O(1/T) convergence rate for AdOpEx method.
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Partial Operator Constraint Extrapolation Method

Algorithm Partial Operator Extrapolation Method for fully-
stochastic FCVI
1: Input: x° € X,\° =0.

2. Set x~1 = x0.

3 fort=0,1,2,..., T —1do

40 AT argming o —(g(x%,€F), A) + FIA — A2

5: Xt argminxe_x<(1+9t)3t—9t§t_1+(5(xt,ft)At+1,x>+
% x - 7|2

6: end for

7: Output: X1 := S Fxt+1/T
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L The Main Algorithmic Approaches

L Partial Operator Constraint Extrapolation Method

OpConEx Method's Convergence

Suppose Algorithm 2 generates {xt+1 \t+1 vt+11 by setting
0: = 1,n: =n and 7+ = T such that

V2T[B(3Mg+4|os||(1+0g))+H~+0o] + 251
Dx 3

zm(zmg+ré||a@u+oe)DX, for B> 1,

=
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L The Main Algorithmic Approaches
L Partial Operator Constraint Extrapolation Method
P p

OpConEx Method's Convergence

Then we have

E[||A* = X¥[1%] < 2Rge,
Re = ZlIx* — x°|[% + 3|31 + 202 + 9(H? + 202).

and we obtain expected convergence rate of

LD | MgD (leel+og)(IN*+1)?y | (H+0)Dx  BDx|los|o
O~ + ~£=2(B + H7el%ay ) + AR+ )
where (L\H) is the (smoothness\nonsmoothness) constant of F.

Also 0,04, and ||og|| are the variance of approximation errors in
F.,g, and Vg respectively.

m Observation: OpConEx is slow (O(1/v/T)) in terms of M,
and o7,
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LThe Main Algorithmic Approaches
LOperator Extrapolation Method

Operator Extrapolation Method

Algorithm Operator Constraint Extrapolation (OpConEx) method
1: Input: x% € X, A2 =0, g(x°,£°) and F°.

2: Set x 1=x9 51 =53%and Eg(xo) = ES(X_I) = g(x°,£9).

3 fort=0,1,2,. T —1do

4: st (146, )Et( t)—9€t(xt b

5: AL argmln,\>0< ) A = At H2

6: xtt+l — argmlnxex((l + 0T — 0.t o+
SIS (X, £8), x) + TIx — xt||?

7: end for

g Output: 37 == (3] %Xt“)/(Zt o 7t)
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L The Main Algorithmic Approaches
LOperator Extrapolation Method

OpConEx Method's Convergence

Let B>1 and ox g == \/02 + Dillos||?. Suppose we set

’Yt:Ht:]., nt:LgB+77, Tt = T,

e i = GIL - 8I\/Ig n 2(H+Hg3+fa+48\lo@||)ﬁ B
X
7 = 2Bx max{M,, HU@H} + SJX 29xe\/T. Then we improve the

dependence on Mg from O(Mg/\r) to O(Mg/T) and the
dependence on o4 from O(ag/\/?) to O(oy/V'T).
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LApplication in Saddle Point Problem with Coupled Constraint
L Problem Definition

Saddle Point Problem with Coupled Constraint

consider a general class of saddle point problems as follows

min max f(u, v)
uel veV (2)

s.t. g(u,v) <0,

where (-, v) is a convex function of u for all v € V, f(u,-) is a
concave function of v for all u € U, U C R"™ and V C R are
feasible set constraints, and g(u, v) is a coupling constraint that is
jointly convex in u and v.

Notation: The usual "Lagrangian” f(u,v) + Ag(u, v) is neither
convex nor concave in v.
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LApplication in Saddle Point Problem with Coupled Constraint
L cCriteria

Saddle Point Problem with Coupled Constraint

Define w € W := U x V as an e-approximate saddle-point of (2) if

max G(w;w) <, g(w) <e.
wew

where W := W N {(u,v): g(u,v) <0}.
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LApplication in Saddle Point Problem with Coupled Constraint

L Reformulation

Reformulation of Saddle Point problem to FCVI

Let the set constrainvec );(: V|)/ and the variable x = w. We define

o uf (u, v
F(x) = F(w) := Y, (0, v)
section. It is clear that since f is a convex-concave function, the
resulting operator F(w) is monotone. As per this reformulation,
convex coupled constraint {g(u,v) < 0} in (2) is equivalent to
g(x) <0in (1). Then, W corresponds to X.

] as the operator throughout this
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L Conclusion

Conclusion

Table: Convergence rate of the proposed methods for solving different

FCVIs
Algorithm  Deterministic smooth ~ Nonsmooth Stochastic Fully stochastic
AdOpEx o) - - Z
2
OpConEx - O(%) o( M%a) o M\g/i-l:o' n %)
OpConEx - O($+H7§_) 0($+ HgJ;_a) 0($+/-1g+7[,:5g)

Myg: Lipschitz constant of g; Hg: Lipschitz constant of only the nonsmooth
component of g, o: Standard deviation of stochastic oracle for F, o,: standard
deviation of stochastic oracles associated with g and Vg.
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m Thanks!
m Question?
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